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SVD Introduction



SVD Introduction

e Generalization of the spectral decomposition that applies to all matrices, rather than
just normal matrices.
e Applications:
o Compute the size of a matrix (in a way that typically makes more sense than
norm)
O o Provide a new geometric interpretation of linear transformations

Solve optimization problems
Construct an “almost inverse” for matrices that do not have an inverse.
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SVD

e Given any mxn matrix A, algorithm to find matrices U, V, and Y, such that (always
exists)

o A=UxVTA=UzV*
U is mxm and orthogonal (always real)

Y. is mxn and diagonal with non-negative (always real) called singular  values.
V is nxn and orthogonal (always real)

o Columns of U are eigenvectors of AAT (called the left singular
vectors).

« Columns of V are eigenvectors of AT A (called the right singular
vectors).

o The non-zero singular vectors are the positive square roots of
non-zero eigenvalues of AATor AT A.
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SVD

The 3; are called the singular values of A
If Ais singular, some of the 3; will be O
In general rank(A) = number of nonzero 3;

SVD is mostly unique (up to permutation of singular values, or if some 2; are equal)
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Columns of V are eigenvectors of 474

e Assume A with singular value decomposition A = USVT. Let’s take a look at the
eigenpairs corresponding to AT A:

O Hence ATA = vz2pT

e Recall that columns of VV are all linear independent (orthogonal

matrix), then from diagonalization (B = XDX™1), we get:
o The columns of V are the eigenvectors of the matrix AT A
o The diagonal entries of £2 are the eigenvalues of ATA
e Let’s call A the eigenvalues of ATA, then a? = A,

ATA = (Uzv DT (UzvT)
WwHT@TUT(WUzvT) = veTuTuzyT = veTeyT
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Columns of U are eigenvectors of 44T

e In a similar way,
AAT = (UzvTY(Uzv DT
wzvHvHT@TuT = vzvtveru? = uzztuT
Hence AAT = Uz2UT
o Recall that columns of U are all linear independent (orthogonal

matrix), then from diagonalization (B = XDX™1), we get:
o The columns of U are the eigenvectors of the matrix AAT



How can we compute an SVD of a matrix A?

1. Evaluate the n eigenvectors v; and eigenvalues 4; of ATA
2. Make a matrix ¥V from the normalized vectors v;. The columns are called “right singular

vectors”.
V — (771 vn>

3. Make a diagonal matrix from the square roots of the eigenvalues.

01
2=< ) O-i=W//1i and 0'120'22"'
O-n

4. FindU:A=UIVT =2 UL = AV = U = AVE~L. The columns are called “left sinqular
values”.
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Reduced SVD



SVD for Square Matrix

e The SVD is a factorization of a m x n matrix into
A=UxyT

Where U is a m x m orthogonal matrix, VT is a n x n orthogonal matrix
and X is a m x n diagonal matrix.
For a square matrix (m=n):

) 6T
O )6



Reduced SVD

[Svl Svr 0 .. O]an = [O'1u1 . OyUy 0
[Svl Svr Svr+1 Svn]mxn: [Glul e OrlUy
01 0
5 : 10
1% Uyl = (U u
S[v1 n] = [W m] 0 o
0 0

Smannxn — Umxmzmxn

S=UzvT



Reduced SVD

e what happens when A is not a square matrix?

([ n>m
v{
P o1 0 P
A=UzVT = <u1 um> ( ) eyl
: P/ mxm Om 0 mxn . .
B
n nxn
We can instead rewrite the above as:
A=UIgVE
where Vg is n x m matrix and 2z is @ m x m matrix
In general: Now U and V are not
9 ' . orthogonal. But their columns
A = UrZrVg are orthonormal.

/

Ur is a m x k matrix
Xg is a kx k matrix
V5 is a n x k matrix

k = min(m, n)
@)



Reduced SVD

(] m > n
01
: : : o UI
A=UsVT ={u; - up, - Up 0 0 P
ST SO SO Lo SR o
0 0/ mxn
We can instead rewrite the above as:
_ T
A = UZpVg Now U and V are not

, , : . orthogonal. But their columns
where Ug is m x n matrix and g isanxnmatrix _ .o & =)



Reduced SVD

® |et’stake alook at the product of 7% where X has the singular values of a 4, a m x n matrix.

O m > n:
01
o1 0 ) - of
Ty _ .. n _ .
Y= ( : ) 0 - 0 : ,
In 0/ nxm : % g In nxn
0 07/ mxn
O n>m
o1 of 0
01 0
IS I < > - Om 0
Om 0/ mxn 2 !
0 0/ nxm 0 07 nxn
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Reduced SVD

e Wide Matrix

nxn
vE
e X L X TR TR X TR X 7
B,
S Ue |U|% ]| poxe x vi
m xTr
mxn m X T
rTrxXr rxmn
s =] U, x - R vT
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Reduced SVD

0 mEn m=m m=En
e Tall Matrix
=
-y
v X F nzn
w
v
s = K U X > x rX
vT
m x T
L X n m X 7T
7 T r T
S = U, X - > * vT

CE282: Linear Algebra Hamid R. Rabiee & Maryam Ramezani



SvD

applies to every single
matrix (even rectangular
ones).

matrix . in the middle of
the SVD is diagonal (and
even has real non-
negative entries)

It requires two unitary
matrices U and V

SVD Comparison

Diagonalization

only applies to matrices
with a basis of
eigenvectors

do not guarantee an
entrywise non-negative
matrix

only required one
invertible
matrix

Spectral
Decomposition

only applies to normal
matrices

do not guarantee an
entrywise non-negative
matrix

only required one unitary
mMatrix



Lemma

e Unitary Freedom of PSD Decompositions
Suppose B, C € My, ,(F). The following are equivalent:

a. There exists a unitary matrix U € M, (F) such that € = UB,
O b. B*B=C"C,
Example

CE282: Linear Algebra Hamid R. Rabiee & Maryam Ramezani



SVD Proof

If m # n then A*A, AA™ have different sizes, but they still have essentially the same
eigenvalues—whichever one is larger just has some extra 0 eigenvalues.
e The same is actually true of AB and BA for any A and B.

e Proof SVD in another view!!
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SVD Intuition




Diagonal Matrix: Stretching each axis differently

a1 Ty ;
.A\w ! Hb_ 2

05 0.0
0.0 20




A=Uxv"

The product of a matrix’s
singular values equals the
absolute value of its
determinant
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A Geometric Interpretation

Y

A=UxXV"

* * % / \ /
A" =TVZ*U [ " X :'

\\».______ ,’
J— — s //
A"l =yx-1py* | 4
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SVD in Problem
Solving



Determining the rank of a matrix

® Suppose 4 is am x n rectangular matrix where m > n:

07

. . . T
S see S see S s "]1 see

A= <u1 o Uy e um> 0 .. 061 < : )
ST S S AU, L. el e

3 oo B 0'117{
A= u1 00 Yy : : :
ves : vee O-TLUT’I; cee

n
A=za

i=

Ay = oyuyv] what is rank(4,) =

In general, rank(4y) =k

0O -~ 0 mxn

) = oy v] + ouvl+ L+ opu, vl



SVD and Rank

o Suppose F=RorF=C, and A € M, ,(F) has rank(4) =r. There
exist orthonormal sets of vectors {u}r c F™ and {v}r c F*
7 j=1 JJj=1
such that

r

- *
A= 2 oiu;v;,

i=1
where g, = 0, = -+ = 0,- > 0 are the non-zero singular values of A.



Conclusion

o LetA e M,,, beamatrix with rank(A) = r and the singular value
decomposition A = UXVT, where
U=[ugluy| . lupm]and V= [vy | v, | ... | vy ]
Then

a.  {uq,uy,..,u,}is an orthonormal basis of range(A),
{Uyy1, Uyt o, Uy} IS an orthonormal basis of null(4™),
{vy,v,, ...,v,.} is an orthonormal basis of range(4*), and
{Vrtr1, Vg, .., Up} is an orthonormal basis of null(4)

a0 o



SVD and Matrix Similarity

e Suppose you want to find best rank-4& approximation to A
o Answer: set all but the largest & singular values to zero
e Can form compact representation by eliminating columns of U and V corresponding
to zeroed g;



O

SVD and PSD

o If A €M, is positive semidefinite then its singular values equals its
eigenvalues.
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Applications




Reconstructed image using the
Original image first 30 singular values
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Low Rank Approximation of Image
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Pseudo Inverse



SVD and Inverses

e Whyis SVD so useful?
o Al=vrlyt=yz1UT
o Using fact that inverse = transpose for orthogonal matrices

o Since X is diagonal, Z_l also diagonal with reciprocals of entries of X

e This fails when some Zi are 0
o |It's supposedto fail - singular matrix

e Pseudoinverse: if Zi — O set zl to0

o “Closest” matrix to inverse
o Defined for all (even non-square, singular, etc.) matrices
o Equalto (ATA) AT if ATA invertible



Pseudo Inverse

e Problem:

if Ais rank-deficient, X is not invertible.
e How to fixit:

Define the Pseudo Inverse
e Pseudo Inverse of a diagonal matrix:

1 .
(=+), = o if g 0
l
0, ifO'i =0
e Pseudo Inverse of a matrix A:
At =vztyT
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Moore-Penrose inverse (Pseudo Inverse)

e If a matrix A has the singular value decomposition
A=UwyT

then the pseudo-inverse or Moore-Penrose inverse of A is
At =vw-tyT

1.3 Moore-Penrose Conditions

For a matrix A" to be the pseudoinverse of A, it must satisfy the following four Moore-Penrose

conditions:

1. (MP) AATA=A

2. (MP2) AT AAT = A
. (MP3) (AA")T = 44"
. (MP4) (ATA)T = AT A

w

I

These conditions ensure that A" behaves similarly to an inverse, even when A is not invertible.



Pseudo Inverse

At =vw-yT
If Ais ‘tall’ (m > n) and has full rank
At = (ATA)~ AT (it gives the least-squares solution x;5; = A*b)
If Ais ‘short” (n > m) and has full rank
At = AT(44T)1 (it gives the least-norm solution x;_, = A*b)

o Ingeneral, x,;,, = A*b is the minimum-norm, least-square solution.

44



x =A1b = UDVT)lp,

« (UDV)1=v-IDlyl

Moore—Penrose pseudoinverse

x =Alb=VD'U

e Invert the diagonal entries in D that are nonzero, but leave the other diagonal entries
alone as zeros.
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